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1. Orthogonality
Let (X, ‖ · ‖) be a normed space over K ∈ {R,C}. If the norm comes from an
inner product 〈·|·〉, there is one natural orthogonality relation: x⊥y ⇔ 〈x|y〉 =
0. In the general case, there are several notions of orthogonality and one of
the most outstanding ones is the definition introduced by Birkhoﬀ [4] (cf. also
James [15]). For x, y ∈ X we deﬁne:
x⊥By ⇐⇒ ∀λ ∈ K : ‖x + λy‖ ≥ ‖x‖.
G. Lumer [17] and J.R. Giles [13] (cf. also [12]) proved that in a normed space
X there always exists a mapping [·|·] : X × X → K satisfying the following
properties:
• [λx + μy|z] = λ [x|z] + μ [y|z] , x, y, z ∈ X, λ, μ ∈ K;
• [x|λy] = λ [x|y] , x, y ∈ X, λ ∈ K;
• | [x|y] | ≤ ‖x‖·‖y‖, x, y ∈ X
and
• [x|x] = ‖x‖2, x ∈ X.
Such a mapping is called a semi-inner-product (s.i.p.) in X (generating the
norm ‖ · ‖). There may exist inﬁnitely many different semi-inner-products in
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X. There is a unique one if and only if X is smooth (i.e., there is a unique
supporting hyperplane at each point of the unit sphere S or, equivalently, the
norm is Gaˆteaux differentiable on S—cf. [10,12]). If X is an inner product
space, the only s.i.p. on X is the inner-product itself.
The semi-orthogonality of vectors x and y in X (with respect to a given
semi-inner-product) is deﬁned as follows:
x⊥sy ⇐⇒ [y|x] = 0.
Of course, in an inner product space we have ⊥B = ⊥s = ⊥.
From now on, we assume that the considered normed spaces are real and
we deﬁne norm derivatives by:
ρ′±(x, y) := lim
t→0±
‖x + ty‖2 − ‖x‖2
2t
, x, y ∈ X.
The convexity of the norm yields that the above definition is meaningful. The
mappings ρ′+ and ρ
′
− are sometimes called the superior and inferior semi-inner-
products and their following properties, which will be useful in the present note,
can be found, e.g., in [2,3,12].
• There is always ρ′− ≤ ρ′+;
• ρ′+ = ρ′− if and only if X is smooth;
• for all x, y ∈ X one has ρ′±(−x, y) = −ρ′∓(x, y);
• the mappings ρ′± are continuous with respect to the second variable;
• for all x, y ∈ X, α ∈ R:
ρ′±(x, αx + y) = α‖x‖2 + ρ′±(x, y); (1)
• if [·|·] is a given semi-inner-product in X, then
ρ′±(x, y) = lim
t→0±
[y|x + ty] , x, y ∈ X (2)
and moreover, if X is smooth, then
ρ′±(x, y) = [y|x] , x, y ∈ X. (3)
The notion of M-semi-inner-product and its properties which follows have










As a consequence of (1) we have
〈αx + y|x〉g = α‖x‖2 + 〈y|x〉g . (4)
A normed space X is called semi-smooth if the M-semi-inner-product is addi-
tive with respect to the ﬁrst variable, i.e.,
〈x + y|z〉g = 〈x|z〉g + 〈y|z〉g , x, y, z ∈ X.
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Each smooth space is semi-smooth in the above sense but not conversely (l1 is
a suitable example). If X is a real semi-smooth space, then the M-semi-inner-
product is a semi-inner-product in the sense of Lumer–Giles.
Now we can deﬁne orthogonality relations related to ρ′± (cf. [1,2,18]):
x⊥ρ+y ⇐⇒ ρ′+(x, y) = 0;
x⊥ρ−y ⇐⇒ ρ′−(x, y) = 0
and
x⊥ρy ⇐⇒ 〈y|x〉g = 0 ⇐⇒ ρ′+(x, y) + ρ′−(x, y) = 0.
It is obvious that for a real inner product space all the above relations coincide
with the standard orthogonality given by the inner product, i.e., ⊥ρ = ⊥ρ+ =
⊥ρ− = ⊥.
The relations ⊥ρ+ , ⊥ρ− and ⊥ρ are generally (unless X is smooth) incom-
parable.
Theorem 1. In a real normed space X the following conditions are equivalent:
(a)⊥ρ+ ⊂ ⊥ρ− (b)⊥ρ+ ⊃ ⊥ρ− (c)⊥ρ+ = ⊥ρ−
(d)⊥ρ+ ⊂ ⊥ρ (e)⊥ρ+ ⊃ ⊥ρ (f)⊥ρ+ = ⊥ρ





Proof. We will show that conditions (a), (c) and (j) are equivalent. Obviously
(j)⇒(c)⇒(a). Suppose (a) and let x, y ∈ X (we may assume x = 0, otherwise
(j) holds trivially). From (1) we have for z := −ρ
′
+(x,y)
‖x‖2 x + y
ρ′+ (x, z) = −
ρ′+(x, y)
‖x‖2 ‖x‖
2 + ρ′+(x, y) = 0,






‖x‖2 x + y
)
= 0.
Using (1) again we get from the above that ρ′+(x, y) = ρ
′
−(x, y), which proves
(j).
We also have obviously (j)⇒(c)⇒(b) and the proof of (b)⇒(j) is similar to
the above one. Thus we have proved (a)⇔(b)⇔(c)⇔(j).
In the same manner, one can prove (d)⇔(e)⇔(f)⇔(j) and (g)⇔
(h)⇔(i)⇔(j).
The equivalence (j)⇔(k) is known. 
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In a real normed space X, we have for arbitrary x, y ∈ X (cf. [3,12]):
ρ′−(x, y) ≤ 0 ≤ ρ′+(x, y) ⇐⇒ x⊥By. (5)
It yields ⊥ρ ⊂ ⊥B and, if X is smooth, then also ⊥ρ = ⊥B.
The following result establishes the connection between ⊥ρ and ⊥s.
Theorem 2. Let X be a real normed space and let [·|·] be a given semi-inner-
product in X. Then the following conditions are equivalent:
(a) ⊥ρ ⊂ ⊥s;
(b) ⊥ρ ⊃ ⊥s;
(c) ⊥ρ = ⊥s;
(d) 〈·|·〉g = [·|·].
Proof. Implications (d)⇒(a), (d)⇒(b), (d)⇒(c), (c)⇒(a), (c)⇒(b) are obvi-
ous. We show (a)⇒(d). Let x, y ∈ X and x = 0 (for x = 0 the assertion holds




2 + 〈y|x〉g = 0,
i.e., x⊥ρz. Thus, from (a), x⊥sz, which means
0 = [z|x] = −〈y|x〉g‖x‖2 [x|x] + [y|x] = −〈y|x〉g + [y|x] ,
hence 〈y|x〉g = [y|x].
Implication (b)⇒(d) can be proved similarly. 
Note that (d) yields, in particular, that 〈·|·〉g is additive with respect to
the ﬁrst variable, thus each of the (equivalent) conditions (a)–(d) implies the
semi-smoothness of X. For a non-semi-smooth norm, the orthogonalities ⊥ρ
and ⊥s are incomparable.
2. Approximate orthogonality
Our aim is to discuss approximate orthogonality relations. In an inner product
space, it is natural to consider the approximate orthogonality (ε-orthogonality)
deﬁned by:
x⊥ε y ⇐⇒ | 〈x|y〉 | ≤ ε‖x‖ ‖y‖
with a given ε ∈ [0, 1). The above notion can be easily adapted to the case of
a normed space with a given semi-inner-product:
x⊥εsy ⇐⇒ | [y|x] | ≤ ε‖x‖ ‖y‖.
An approximate Birkhoﬀ orthogonality was given by Dragomir [11]:
x⊥
ε
By ⇐⇒ ∀λ ∈ K : ‖x + λy‖ ≥ (1 − ε)‖x‖
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and an alternative (generally not equivalent) definition was given by
Chmielin´ski [6]:
x⊥εBy ⇐⇒ ∀λ ∈ K : ‖x + λy‖2 ≥ ‖x‖2 − 2ε‖x‖‖λy‖.
Obviously, for ε = 0 the above approximate orthogonalities coincide with
the related exact orthogonalities.
Now, we introduce the notion of an approximate ρ±- and ρ-orthogonality.
For an ε ∈ [0, 1) we deﬁne:
x⊥ερ+y ⇐⇒ |ρ′+(x, y)| ≤ ε‖x‖ ‖y‖,
x⊥ερ−y ⇐⇒ |ρ′−(x, y)| ≤ ε‖x‖ ‖y‖
and
x⊥ερy ⇐⇒ | 〈y|x〉g | ≤ ε‖x‖ ‖y‖ ⇐⇒ |ρ′+(x, y) + ρ′−(x, y)| ≤ 2ε‖x‖ ‖y‖.
It is easy to see that x⊥ερ+y ⇒ −x⊥ερ−y and x⊥ερ−y ⇒ −x⊥ερ+y. Moreover,
if x⊥ερ+y and x⊥ερ−y, then x⊥ερy. Obviously, if the norm in X comes from an
inner product, then ⊥ερ+ = ⊥ερ− = ⊥ερ = ⊥ε .
Theorem 3. For an arbitrary real normed space X and ε ∈ [0, 1) we have
⊥ερ ⊂ ⊥εB.
Proof. Let x, y ∈ X be non-zero vectors and assume that x⊥ερy. Then
− 2ε‖x‖ ‖y‖ ≤ ρ′+(x, y) + ρ′−(x, y) ≤ 2ε‖x‖ ‖y‖. (6)
Since ρ′− ≤ ρ′+, we get from the above




‖x + ty‖2 − ‖x‖2
t
≤ 2ε‖x‖ ‖y‖.
For a ﬁxed γ ∈ (0, 1), we get
lim
t→0−
‖x + ty‖2 − ‖x‖2
t
< 2(ε + γ)‖x‖ ‖y‖.
It follows that, for some δ1 < 0, one has
‖x + ty‖2 − ‖x‖2
t
< 2(ε + γ)‖x‖ ‖y‖, t ∈ [δ1, 0).
Equivalently
‖x‖2 < ‖x + ty‖2 + 2(ε + γ)‖x‖ ‖ty‖, t ∈ [δ1, 0). (7)
Similarly, from ρ′− ≤ ρ′+ and (6) one has
−2ε‖x‖ ‖y‖ ≤ 2ρ′+(x, y)
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hence
−2ε‖x‖ ‖y‖ ≤ lim
t→0+
‖x + ty‖2 − ‖x‖2
t
and consequently
−2(ε + γ)‖x‖ ‖y‖ < lim
t→0+
‖x + ty‖2 − ‖x‖2
t
.
It follows that, for some δ2 > 0, one has
−2(ε + γ)‖x‖ ‖y‖ < ‖x + ty‖
2 − ‖x‖2
t
, t ∈ (0, δ2]
and equivalently
‖x‖2 < ‖x + ty‖2 + 2(ε + γ)‖x‖ ‖ty‖, t ∈ (0, δ2]. (8)
Let ϕ(t) := ‖x + ty‖2 +2(ε + γ)‖x‖ ‖ty‖ for t ∈ R. The mapping ϕ : R → R is
convex and it follows from (7) and (8) that
ϕ(0) < ϕ(t), t ∈ [δ1, 0) ∪ (0, δ2].
The convexity of ϕ yields
ϕ(0) < ϕ(t), t ∈ R \ {0},
i.e.,
‖x‖2 < ‖x + ty‖2 + 2(ε + γ)‖x‖ ‖ty‖, t ∈ R \ {0}.
Fix λ = 0. From the above we have
‖x‖2 < ‖x + λy‖2 + 2(ε + γ)‖x‖ ‖λy‖,
hence, on letting γ → 0+,
‖x‖2 ≤ ‖x + λy‖2 + 2ε‖x‖ ‖λy‖.
Obviously, the above inequality holds true also for λ = 0 and hence we get
x⊥εBy. 
It has been proved (cf. [6]) that for an arbitrary semi-inner-product in X,
⊥εs ⊂ ⊥εB. Moreover, if the norm in X is smooth, then (for the unique s.i.p. in
that case) ⊥εs = ⊥εB. But generally, the equality ⊥εs = ⊥εB (for all s.i.p.) does
not hold (cf. [6, Example 3.1]).
It follows from (3) that in a real smooth space X
|ρ′+(x, y) + ρ′−(x, y)| = 2| [y|x] |, x, y ∈ X
hence ⊥ερ = ⊥εs. Thus, the following assertion holds true.
Theorem 4. If X is a real normed, smooth space and ε ∈ [0, 1), then
⊥ερ = ⊥εB.
For non-smooth spaces, the approximate orthogonalities ⊥ερ and ⊥εB may
not coincide.
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Example 5. Consider the space R3 with the norm ‖(x1, x2, x3)‖ = |x1|+ |x2|+
|x3|. Let ε ∈ [0,
√
3−1
2 ) and let x = (1, 0, 0), y = (1, 1, 2ε). Then, for an arbitrary
λ ∈ R:
‖x + λy‖ = |1 + λ| + |λ| + |2λε| ≥ 1 = ‖x‖,
i.e., x⊥By. On the other hand, we have
ρ′+(x, y) = 2 + 2ε and ρ
′
−(x, y) = −2ε,
hence
|ρ′+(x, y) + ρ′−(x, y)| = 2 > 4ε2 + 4ε = 2ε‖x‖ ‖y‖.
Thus, for any ε ∈ [0,
√
3−1
2 ) we have x⊥εBy but not x⊥ερy.
It is known (cf. [2,12]) that the equality of the considered orthogonality
relations ⊥ρ = ⊥B yields the smoothness of the norm. We ask whether the
smoothness of X also results from ⊥ερ = ⊥εB with some ε ∈ (0, 1).
3. Orthogonality preserving mappings
It has been proved by Koldobsky [16] (for real spaces) and Blanco and Turnsˇek
[5] (for real and complex ones) that a linear mapping f : X → X preserving
the Birkhoﬀ orthogonality, i.e., satisfying
x⊥By =⇒ fx⊥Bfy, x, y ∈ X
has to be a similarity (scalar multiple of an isometry). The same assertion
can also be derived for linear mappings preserving semi-orthogonality, i.e.,
satisfying
x⊥sy =⇒ fx⊥sfy, x, y ∈ X
with respect to some semi-inner-product in X (cf. [5, Remark 3.2]).
Now, let us consider linear mappings f : X → X that preserve the ⊥ρ
(⊥ρ±) orthogonality:
x⊥ρ+y =⇒ fx⊥ρ+fy, x, y ∈ X,
x⊥ρ−y =⇒ fx⊥ρ−fy, x, y ∈ X,
x⊥ρy =⇒ fx⊥ρfy, x, y ∈ X.
The result of Blanco and Turnsˇek yields that if X is a real semi-smooth space
(hence an M-semi-inner-product is a semi-inner-product), then a linear map-
ping preserving ρ-orthogonality has to be a similarity.
We have also the following characterization of ρ±-orthogonality preserving
mappings.
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Theorem 5. Let X be a real normed space, f : X → X a nonzero, linear map-
ping. Then, the following conditions are equivalent:
(a) f preserves ρ+-orthogonality;
(b) f preserves ρ−-orthogonality;
(c) ‖fx‖ = ‖f‖·‖x‖, x ∈ X;
(d) ρ′+(fx, fy) = ‖f‖2 · ρ′+(x, y), x, y ∈ X;
(e) ρ′−(fx, fy) = ‖f‖2 · ρ′−(x, y), x, y ∈ X;
(f) 〈fx|fy〉g = ‖f‖2 · 〈x|y〉g, x, y ∈ X.
Moreover, each of the above conditions implies
(g) f preserves ρ-orthogonality.
Proof. First, we prove (a)⇔(b). Suppose that f preserves ρ+-orthogonality.
Let x, y ∈ X be such that x⊥ρ−y. Thus, ρ′+(−x, y) = −ρ′−(x, y) = 0, i.e.,
−x⊥ρ+y. Since f preserves ρ+-orthogonality, we have −fx⊥ρ+fy which yields
fx⊥ρ−fy. The proof of the converse implication (b)⇒(a) is similar.
Now, we prove that (a) and (b) yield (c). Let x, y ∈ X, x = 0, be such that



























‖x‖2 x + y
)




















2 + ρ′+(fx, fy).










−(x, y). Thus, inequalities (9) take the form
ρ′−(fx, fy) ≤ 0 ≤ ρ+(fx, fy)
which gives fx⊥Bfy. Hence, f preserves Birkhoﬀ orthogonality, i.e., f is a
similarity and (c) holds true.
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Let us show (c)⇒(d) and (c)⇒(e). Let x, y ∈ X (without loss of generality
we may assume x = 0). We have from (c)
ρ′±(x, y) = lim
t→0±












and (d) and (e) follows. Implications (d)⇒(a) and (e)⇒(b) are obvious. There-
fore, conditions (a)–(e) are equivalent. Condition (f) follows easily from (d) and
(e) and, conversely, assuming (f) and taking y = x, one gets ‖fx‖2 = ‖f‖2·‖x‖2
hence (c) follows.
Obviously, (f) implies (g). 
If X is smooth, then we immediately have (g)⇒(a) and all the conditions
(a)–(g) are equivalent. But smoothness is not necessary for that.
Example 7. Let X be R2 with the norm ‖(x, y)‖ = |x|+ |y| and let f : X → X
be a linear (hence continuous) mapping. Suppose that f preserves ρ-orthogo-
nality. The unit sphere S in X consists of four segments [±e1,±e2] where e1 =
(1, 0), e2 = (0, 1). Let x, y ∈ [e1, e2]\{e1, e2}, x = y. Then with some t0 ∈ (0, 1)
we have x+ t(y − x) ∈ [e1, e2] for all t ∈ [−t0, t0]. Thus, ‖x+ t(y − x)‖ = 1 for
t ∈ [−t0, t0] and




















It proves that x⊥ρy − x and consequently, since f preserves ρ-orthogonality,
fx⊥ρ(fy − fx), hence fx⊥B(fy − fx). The latter means that for each λ ∈ R,
‖fx‖ ≤ ‖fx + λ(fy − fx)‖ thus, in particular, for λ = 1, ‖fx‖ ≤ ‖fy‖. Inter-
changing the role of x and y in the above reasoning one gets ‖fy‖ ≤ ‖fx‖,
hence ‖fx‖ = ‖fy‖. This proves, that f is constant on the segment [e1, e2] and
similarly one can prove the same for other segments. The continuity of f yields
that ‖fx‖ is constant on the whole unit sphere S. Thus, f is a similarity.
4. Approximately ρ-orthogonality preserving mappings
One can also consider linear mappings f : X → X that only approximately
preserve the ⊥ρ (⊥ρ±) orthogonality, i.e., which satisfy one of the following:
x⊥ρy =⇒ fx⊥ερfy, x, y ∈ X,
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x⊥ρ+y =⇒ fx⊥ερ+fy, x, y ∈ X,
x⊥ρ−y =⇒ fx⊥ερ−fy, x, y ∈ X.
The latter two conditions are equivalent. Indeed, suppose that a linear map-
ping f approximately preserves ρ+-orthogonality. Let x⊥ρ−y. Equivalently,
−x⊥ρ+y and hence −fx⊥ερ+fy. Thus, fx⊥ερ−fy which proves that f approxi-
mately preserves ρ−-orthogonality. The reverse implication can be proved anal-
ogously.
There are two natural questions. The ﬁrst is to describe the given class of
approximately orthogonality preserving mappings. The second is to answer the
stability question: does each approximately orthogonality preserving mapping
have to be approximated by an orthogonality preserving one. For inner prod-
uct spaces with relations ⊥ and ⊥ε those questions were answered in [7,8,20]
and transferred to the realm of Hilbert C∗-modules in [14]. Similar investi-
gations have been carried out by the authors in normed spaces for isosceles
orthogonality (cf. [9]) and also by the second author for the Birkhoﬀ and other
orthogonalities (not yet published). Recently, the Birkhoﬀ orthogonality pre-
serving mappings and the problem of the stability of this property have been
considered by Mojˇskerc and Turnsˇek [19].
In the case of a smooth space X we have ⊥ρ = ⊥B and ⊥ερ = ⊥εB for
all ε ∈ [0, 1). Thus, if X is smooth, the class of (approximate) ρ-orthogonal-
ity preserving linear mappings coincide with that of (approximate) Birkhoﬀ
orthogonality preserving ones and hence the stability problems for ρ- and B-
orthogonality preserving mappings are equivalent. It is known that for Birkhoﬀ
orthogonality the stability problem has an aﬃrmative answer for some classes
of spaces (including ﬁnite-dimensional ones) (cf. [19]).
The case of non-smooth spaces remains an open problem.
Open Access. This article is distributed under the terms of the Creative Commons Attri-
bution Noncommercial License which permits any noncommercial use, distribution, and
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